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Abstract

When one model’s outputs are written into many records — across cells, tables, institutions
— every entry inherits a component of the model’s error, and the entries become coupled
through a cause none of them stores. This note works out three consequences, using only
the machinery of [1] and [2]. First, aggregation hits a floor: averaging n model-derived
entries does not converge on the truth but on the model, with residual variance equal to
the shared component — old covariance algebra whose consequence here is new in kind,
because the floor is computable at write time from a coupling that point-valued practice
discards at write time. Second, the floor propagates: through the second-order correction
of [1, Rem. 3.5], the discarded shared covariance contributes a non-vanishing bias at every
consumer curved at the mean, and — the sharpest form of the result — the persistent part
is carried entirely by the off-diagonal entries, so a record carrying per-cell uncertainties
but no coupling is asymptotically as blind as a point record. Third, institutions that never
exchange a byte are coupled by a shared upstream model, so every downstream computation
that assumes cross-institutional independence — risk pooling, meta-analysis, ensemble
voting, redundancy engineering — silently applies the product default of [1, Rem. 2.5] at
deployment scale. The algorithmic-monoculture literature has established the phenomenon’s
welfare consequences and, recently, its empirical reality; what it does not occupy, and what
this note claims, is the storage framing: the coupling as a first-class object a record layer
must carry, keyed by its cause, with the floor and the propagated bias computable from
what is carried. The purest instance is n instances of one model at one version, the case now
called an agentic swarm: n cells written by one instrument, their agreement one judgment
at the floor, and one estimate whose error is independent of theirs priced against all of
them by a computable weight. Not claimed: the magnitude of the floor or of the bias in any
particular deployment, which depends on the shared component the record did not carry.

1 Introduction

The core paper [1] locates a defect at the write: collapsing an uncertain quantity to a point
does not commute with nonlinear computation, and the discrepancy is systematic. Its learning
companion [2] follows the defect into the trained model: a consistent learner converges to the
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collapsed record’s regression function, artifact included. Both papers treat one record, one
pipeline.

This note treats the third layer, which appears the moment a model is deployed: one
instrument writing into many records at once. A clinical model imputes fields across hospital
systems; a defect-detection model scores wafers across an industry’s fabs; a language model
drafts text that lands in millions of documents, some of which become training data, records,
and evidence. Every value so produced carries a component of the instrument’s error, and that
component is shared: one draw, copied everywhere the instrument wrote.

The limiting case has acquired a name. Frontier development now dispatches thousands of
instances of one model to collaborate on a problem [5, 27], a practice described as abstracting
oversight away through sheer complexity [5]. Under the model of §2 the complexity is beside the
point: n instances of one model at one version share one draw of that model’s systematic error,
so their pooled judgment has a floor that n does not lower, and the record of their outputs
does not carry the number that would say so. We use “swarm” only in the abstract, here, and
once more to name the instance in §6; the paper’s term is many instances of one model, which
is what the mathematics sees.

The mathematics of shared error is a century old and we make no claim on it. The claim of
this note is about records. The shared component induces a coupling between cells — exactly the
object [1, Def. 2.3] exists to carry — whose cause is knowable at write time, whose magnitude
is estimable at write time, and which point-valued practice discards at write time. Every
consequence below is a consequence of that discard, and every repair is a statement about what
the record layer must carry. The deployment phenomenon itself has an established literature
under the name algorithmic monoculture, engaged in §8; the storage framing is the residual
this note occupies.

Results are numbered continuously; Propositions 1 and 3 are the load-bearing pair.

2 The shared-cause model

Fix n true quantities X1, . . . , Xn with joint covariance ΣX , and written entries

Wi = Xi + ηi + ξ, i = 1, . . . , n, (1)

where the ηi are centered idiosyncratic errors (independent of each other and of everything
else, variance σ2) and ξ is the centered shared component (variance τ2 > 0, independent of the
Xi and ηi): one draw of the deployed instrument’s systematic error, written into all n cells.
Nothing requires ξ to be additive or scalar in applications; (1) is the minimal model in which
every phenomenon of interest already occurs. Throughout, “entry” is the scalar Wi and “record”
is the stored object that holds entries and, when it does, their coupling. We call the joint law of
the errors (ηi + ξ)i, keyed to its cause, the error coupling; the joint covariance Σn of the entries
(§4) carries it together with ΣX .

Two features distinguish the deployment setting from generic common-mode error [21,
§5.2]. First, the cause of ξ is an identifiable entity — a model, at a version, under a decoding
regime — so the induced coupling is cause-keyed in the sense of [1, Problem 2]: the error-borne
covariance Cov(Wi, Wj) − Cov(Xi, Xj) = τ2 (i ̸= j) factors through the cause table. Second, τ2

is estimable when the entry is written — it is the deployed model’s systematic-error scale, the
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object a calibration certificate would certify — so everything below is computable prospectively,
not only forensically. Point-valued practice stores Wi alone; the coupling, its cause, and τ2 are
discarded at the moment of writing.

3 The aggregation floor

Proposition 1 (Aggregation floor). Under (1), with W̄ and X̄ the means of the Wi and Xi,

Var
(
W̄ − X̄

)
= σ2

n
+ τ2 −−−−→

n→∞
τ2 > 0.

Moreover, the floor is determined by the error coupling and not by the marginals: the marginal
laws of the Wi are unchanged by replacing ξ with i.i.d. copies ξi, under which the floor is 0.
Within (1) the floor is the error-borne covariance τ2 = Cov(Wi, Wj) − Cov(Xi, Xj), i ̸= j: it is
carried by the error coupling keyed to its cause, not by the marginals, and not by the joint law
of the written entries alone, which fixes Cov(Wi, Wj) but not its split into Cov(Xi, Xj) and τ2.

Proof. W̄ − X̄ = η̄ + ξ, with the two terms independent; the variance is σ2/n + τ2. For the
second claim, both constructions give each Wi the law of Xi plus an independent error of
variance σ2 + τ2; they differ only in the joint law, and the same computation with ξi i.i.d. gives
(σ2 + τ2)/n → 0. For the last clause take, first, ΣX = 0 with errors of covariance σ2In + τ2Jn

and, second, Xi = c for a shared c of variance τ2/2 and mean equal to the constants of the first,
with errors of covariance σ2In + (τ2/2)Jn: both are within (1), the entries have the same joint
covariance (in the Gaussian case the same joint law), and the floors are τ2 and σ2/n + τ2/2.

Averaging n entries produced through one instrument does not converge on the truth; it
converges on the instrument. The floor does not need the ηi independent of one another: for
any idiosyncratic errors independent of ξ, Var(W̄ − X̄) = Var(η̄) + τ2 ≥ τ2. Instances that
cross-check or average one another’s outputs keep this hypothesis, since differences and averages
of outputs carry ξ only through the term the identity already counts; an instance that shrinks
its output toward the others’ level correlates its error with ξ and is outside the model, having
traded the floor for a bias. The covariance algebra is elementary and old; the floor statement
has its proper home in the forecast- and expert-combination literature, where Clemen and
Winkler [6] showed that positive dependence among sources sharply limits achievable precision,
with the limiting value of additional sources far below the independent case (also [7, 8, 9];
Broomell and Budescu [10] decompose why judges correlate — shared cues — an analysis
in the same spirit as the cause-keying above). In the voting register the same structure is
regime-dependent: the Condorcet jury theorem survives correlation under explicit bounds and
can fail beyond them [11, 12, 13, 14], and Pivato’s large-society condition — average covariance
vanishing asymptotically [15] — is exactly what (1) violates: τ2 does not vanish.

What the deployment setting adds to this older material is the record-layer reading. The
floor is not an analysis pitfall awaiting a careful analyst; it is a storage defect. Its determining
object (the coupling), its key (the cause entity), and its magnitude (τ2) are all present at write
time and absent from the entry one instruction later. The entries agree with one another
because they share one draw of ξ, not because they share the truth; a million of them carry
one error, copied a million times.
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Proposition 2 (One independent judge). Under (1), let V be a further estimate of X̄ with
centered error independent of the ηi and of ξ, of variance ω2. The minimum-variance unbiased
linear combination of W̄ and V has error variance( 1

σ2/n + τ2 + 1
ω2

)−1
−−−−→
n→∞

( 1
τ2 + 1

ω2

)−1
≤ min(τ2, ω2).

In particular, whenever ω2 ≤ τ2 the independent judge contributes at least as much precision as
an unbounded number of instances of the instrument, and the combination beats the floor by at
least a factor of two.

Proof. Inverse-variance weighting of two independent unbiased estimators; the limit is Proposi-
tion 1.

In the record register the proposition says two things. The combination weight is a function
of τ2 and ω2, so it is computable from a record that carries the coupling and its cause key and
not from one that carries W1, . . . , Wn and V as n+1 points; and the hypothesis on V — error
independent of ξ — is a statement about cause keys: V counts as a further estimate only if its
cause entity is not the deployed model’s. An estimate produced downstream of the model’s own
outputs shares the key and is, to that extent, another Wi. A point-valued record cannot tell the
two apart. A cause-keyed one can identify the first case — same key, same draw, not a further
estimate — and can only flag the second: a distinct key is necessary for independence and not
sufficient, since distinct models trained on overlapping records share error by a mechanism the
key does not see (§8; [3, Pred. 10]). What the key buys is the identification; what it does not
buy is a certificate, which is Q2 of §9.

4 The floor propagates, and marginals do not carry it

The core’s second-order correction [1, Rem. 3.5] quantifies the collapse discrepancy at a curved
consumer: 1

2 tr(∇2f(m) Σ) + o(ε2) in the concentration family, with Σ the covariance the
collapse discarded. The following shows that the shared cause requires no modification of that
machinery — it enters through Σ alone — and that its contribution survives every n → ∞ limit
that kills idiosyncratic error. We use the trace term in the core’s sense: it is the leading term
of the correction in the concentration family, exact for quadratic g and an estimate otherwise.

Proposition 3 (Floor propagation). Under (1), the joint covariance of (W1, . . . , Wn) is

Σn = ΣX + σ2In + τ2Jn, Jn = 11⊤,

with the τ2 off-diagonal wholly error-borne. Let supi Var(Xi) < ∞, let EWi = m0 for all i (so
m̄ = m0), and let the consumer be fn(w) = g(w̄) with g twice continuously differentiable and g′′

bounded on R. Then the leading term of the second-order correction of [1, Rem. 3.5] at fn is

1
2 tr

(
∇2fn Σn

)
= 1

2 g′′(m0)
[

1⊤ΣX1
n2 + σ2

n
+ τ2

]
,

whose error-borne part 1
2g′′(m0) τ2 is independent of n and, when g′′(m0) ̸= 0, nonzero. More-

over, decompose the τ2 term by matrix position: the diagonal contributes nτ2/n2 → 0; the
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off-diagonal contributes n(n − 1)τ2/n2 → τ2. The persistent bias is carried asymptotically
entirely by the coupling. In particular, when g′′(m0) ̸= 0, a record layer that stores exact
per-cell uncertainties but no dependence — Σn’s diagonal without its off-diagonal — predicts a
leading-term correction of order 1/n where the leading-term correction is Θ(1). If n−21⊤ΣX1
converges to v̄X (zero for independent Xi), the whole bracket converges to v̄X + τ2.

Proof. ∇2fn = n−2g′′(m0)Jn, so tr(∇2fnΣn) = n−2g′′(m0) 1⊤Σn1, and 1⊤Σn1 = 1⊤ΣX1+nσ2+
n2τ2. The decomposition splits n2τ2 as nτ2 (diagonal) plus n(n − 1)τ2 (off-diagonal). The
diagonal-only record replaces Σn by its diagonal, whose 1-quadratic form is tr ΣX +nσ2 +nτ2 =
O(n) under supi Var(Xi) < ∞, giving a correction of order 1/n.

Proposition 3 upgrades Proposition 1 from a statement about variance to a statement
about bias at every consumer curved at the mean, and it sharpens the storage claim past the
obvious repair. The obvious repair — annotate each cell with an uncertainty — is the marginal
record, and the marginal record fails here not approximately but categorically: as n grows it
certifies a vanishing correction while the leading-term correction is fixed at 1

2g′′(m0) τ2. The
object that must be carried is the coupling, keyed by its cause. The audited-collapse program
of [1, Problem 6] applies as written, with Σn in the place of the discarded covariance. The
conformance checks of [2, §5] are stated per pipeline; within one database state they extend
to a coupling that runs across records by substitution of the state’s joint covariance, since
affine transparency transports covariances and curvature accounting consumes them, and across
states they are undefined for the reason Remark 4 gives.

5 Independence across institutions

Remark 4 (The product default at deployment scale). Let institutions A and B maintain
disjoint records, exchanging no data, both consuming outputs of a deployed model M as in
(1). Any downstream computation that aggregates across A and B under an independence
assumption — risk pooling, meta-analysis, ensemble voting, redundancy engineering — computes
the pushforward of µA ⊗ µB where the true joint is a coupling with error-borne covariance
τ2. By the marginal non-identifiability of [1, §2.2], the resulting error is not determined by
the institutions’ marginals; a bound on it derived from the marginals alone is a bound over
the Fréchet class of couplings with those marginals [22], the product coupling included, and
so cannot distinguish the shared draw ξ from independent draws of the same variance: it is a
statement about what the marginals permit, not about what the deployment did.

This is the product default of [1, Rem. 2.5] — the unexamined choice the measure-relational
model exists to make explicit — with the two marginals in two institutions that do not know
they share an instrument; it is the core’s remark at institutional scope, not a new result. No
institution’s own record contains the evidence of the coupling: cause-keyed dependence across
record boundaries is representable only in a layer that carries causes, which is [1, Problem 2]’s
factorization with the model as cause entity. One caveat is owed to the reader. The core’s
Definition 2.9 fixes one joint law per database state; a coupling across two institutions’ states
is an object the core does not yet define, and this remark uses it informally, with the cause
entity of Problem 2 as its evident key. One historical instance is standardly read in this shape
and should be cited only as shape: in the correlated-defaults failure of 2008, a shared pricing
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model occupied the role of ξ across institutions whose risk computations did not carry its error
as shared [26]. The claim is the shape-analogy, not that any particular formalism would have
prevented the event.

Observation 5 (Coupling without a shared datum). The coupling of Remark 4 requires no
shared data whatsoever. Take Cov(XA, XB) = 0 and disjoint inputs; the entries WA, WB

remain coupled through ξ. Data-lineage provenance [23, 24] follows the data and finds none;
workflow provenance [25] may record M as a processing step but represents no error coupling
induced by it. The dependence is invisible to every lineage-shaped audit and representable only
cause-keyed.

6 Instances

Four cases, no new proofs; the value is the address.
Many instances of one model. The case the press calls an agentic swarm [5]: n instances,

one model, one version, one prompt regime. Each instance’s output is an entry Wi with its own
idiosyncratic error and the model’s shared one; instances voting, cross-checking, or converging on
a consensus compute W̄ , and Proposition 1 is their ceiling. Proposition 2 prices the alternative:
one estimate whose error is independent of the model’s — a second model trained on a disjoint
corpus, an instrument in the world, a reader who has not seen the instances’ outputs — and
says when that estimate outweighs all n. The entries the instances write carry neither τ2 nor
the cause key, so a consumer reading them cannot compute how many independent judgments
they hold; they hold one.

Model version as the cause entity. The cause table’s rows are (model, version, fine-tune,
prompt regime, decoding parameters). A model update is a recalibration event; point-valued
practice embeds the old calibration in every derived cell with no update path — the update
anomaly of [1, Problem 2], verbatim, at the largest scale it will ever have. The granularity
question — how fine the key must be before the factorization loses its economy — is Q1 of §9.

The embedding store. A retrieval layer that encodes text to vectors and re-enters the
nearest neighbours into a prompt is the layer [1, Problem 8] names and [2, §6] places, and its
correspondence to (1) is by shape: the encoder version is the cause entity, and a re-encode of
the store is a recalibration event that point-valued practice performs by overwriting. Whether
a scalar τ2 is the right object for a store whose error is a function of the input, and what the
store must carry to represent a cause-keyed coupling among its vectors, is [1, Problem 2]’s
question asked of [1, Problem 8]’s relation.

The learner under shared-cause records. What a learner converges to when its training
records are model-derived is established in [4]: with labels held, the one-generation artifact is
a fixed point ([4, Thm. 4]); with labels re-derived from the previous generation, the learned
response contracts toward a constant at a rate set by the instrument ([4, Thm. 5]); with a fixed
fraction of retained truth, the mixture has its own fixed point (Loop C, [4, Prop. 7]). Those
results are the time axis (k generations) and assume conditionally independent readings. This
note is the population axis (n instances) and its model violates that assumption: for records
(Wi, Yi) with (Xi, Yi) i.i.d. and Y the outcome as in [2, §2], conditionally on ξ the records are
i.i.d., so the one-generation target of [2, Prop. 1] is reached, but as E[Y | W = w, ξ] = hA(w−ξ),
with hA(w) = E[Y | X + η = w] that target absent the shared draw and ξ fixed at its realized
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draw: the artifact translated by a quantity no record identifies, since every record shares it. ([2,
Rem. 3] does not apply: a record process sharing one draw is exchangeable and not ergodic,
so its marginal target is not the learner’s.) This is [4, §8]’s observation that a shared offset
changes the limit and not only the rate, seen from the point-valued side. The composition of
the two axes is open (§9). The learning-side taxonomy of which resulting errors are artifacts is
the companion [3].

7 Two domains

Of the many fields the mechanism touches, two are treated here — one because the stakes are
highest, one because the mathematics is cleanest — rather than six thinly.

Healthcare. A clinical model imputing fields — risk scores, image reads, structured
extractions from notes — deployed across hospital systems (for the categorical outputs among
these the shared component is not additive and (1) applies by shape) writes one ξ into records
that meta-analyses, registry studies, and pooled trials will later treat as independent readings.
Proposition 1 says the pooled estimate converges to the imputation model; Remark 4 says no
participating institution’s records contain the evidence; Proposition 3 says the resulting bias
at any endpoint curved at the mean — risk models are curved — survives arbitrary pooling
and is invisible to per-entry uncertainty annotations. The repair is not less imputation; it is a
record that carries the imputation’s cause key and error coupling, so the pooled analysis can be
computed against the true joint — or at minimum can price what was assumed.

Redundancy engineering. Redundancy is a purchase of independence: k sensors, k
engines, k perception stacks, engineered so that failure probabilities multiply. A shared model
across the k channels silently refunds the purchase. Model (1) is additive on values and does
not apply to failure indicators as written; the analogue is one line. If a shared cause fails
every channel with probability q > 0, the joint failure probability is at least q for every k,
where the engineering case for k was pk: a floor no increase in k touches, for the same reason
Proposition 1’s floor is n-independent. The contrast with healthcare is instructive: there the
coupling corrupts an inference; here it voids a design guarantee, and the certificate that would
price the loss is the object Q2 asks for, carried in the record.

8 Related work

Algorithmic monoculture. The deployment phenomenon has an established literature.
Kleinberg and Raghavan [17] formalized monoculture and showed common algorithms across
decision-makers can lower welfare even when individually more accurate; Bommasani et al.
[18] broadened the frame from same-system to shared components — training data, foundation
models — and introduced outcome homogenization; Creel and Hellman [19] supplied the
normative register. The phenomenon is now empirical: Kim, Garg, Peng, and Garg [20]
evaluate over 350 language models and find substantial error correlation — on one leaderboard
dataset, about 60% agreement on the same wrong answer when two models both err — driven
partly by shared providers and architectures, with more accurate models more correlated even
across providers. The cause-keyed coupling of §2 is anticipated conceptually by [17, 18], and its
mechanism is present in the component-sharing frame of [18]; the learning-side reading of the
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same finding — a shared record and a shared target — is the companion’s ([3, Pred. 10–11]),
which also names the competing item-difficulty account. The aggregate finding is consistent
with both readings and is evidence for neither over the other. What none of these works occupy
is the storage claim: the coupling as a first-class object of the record layer, keyed by cause, with
the floor (Proposition 1) computable at write time and the propagated bias (Proposition 3)
computable at every consumer. This is the same engagement shape as the core’s with MCDB:
same neighborhood, different object — welfare analysis of decisions there, the coupling as a
stored object here.

Model collapse. The literature on training with synthetic data — the phenomenon, the
accumulate regime, and its strong form — is engaged and separated from the family’s results
in [4, §6]; this note adds nothing to collapse dynamics and takes that separation as given.

Aggregation under dependence. Engaged in §3; the trail runs [7, 8, 9, 6, 10] for
combination and [11, 12, 13, 14, 15, 16] for voting.

9 Open problems

Three problems. The first two are open; the third is closed in the case of conditionally
independent readings and open in this note’s own.

Q1 (minimal cause schema). Version and weights are too coarse a key if decoding
temperature and prompt regime move the error distribution; too fine a key destroys the
factorization’s economy. This is the lossless-vs-no-finite-factorization dichotomy of [1, Problem 2],
asked concretely of deployed models.

Q2 (calibration certificates for models). The conditional cell for a model-derived value
requires an error model for the model — [1, Problem 4]’s elicitation gap, one level up. What
is the analogue of an instrument’s calibration certificate for a deployed model? A held-out
evaluation suite graded right/wrong is not one: [3, §3] shows that binary grading discards
the model’s law before scoring, so such a suite records no dispersion and cannot certify τ2 in
the instrument’s sense. What remains is the constructive half: what a suite would have to
record, and at what granularity of cause key, to qualify. The redundancy domain (§7) shows
the certificate is not academic: it is the object that would make a voided design guarantee
computable, which is what a design review can act on.

Q3 (iteration across generations). For conditionally independent readings the question
is answered in [4]: Loop A ([4, Thm. 4]), Loop B ([4, Thm. 5]), and the conforming memory
([4, Thm. 8]), with the separation from the collapse literature made there. This note’s model is
the case those results exclude, as [4, §8] states from the conforming side: under a shared draw
the readings are not conditionally independent and the coupling changes the limit, not only
the rate. What remains open is the composition of the two axes: n instances of generation k
writing the entries of generation k+1, where the shared component ξ is itself re-learned. The
composition, when written, belongs in this paper or below it.
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